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Abstract

7 This report presents a rigid body analysis of the dynamics
. of a shipboard antenna in a three-axis gimbal configuration

utilizing Direct Mechanical Stabilization (DMS) for primary

v control. System parameters are defined and Euler equations
applied to obtain a non-linear system model that includes
expected torque inputs. A computer simulation is generated
with ship input motions due to roll, pitch, turn and flexure
and a numerical integration procedure is then employed to
determine the motion of the antenna and the resulting pointing =

error for various scenarios.

The results of the cases studied indicate potential feasi-
bility of this approach for applications requiring pointing
accuracy of approximately $0.15 degree-
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1.0 INTRODUCTION

This i: -he rigid body analysis of a DMS*-contiolled
antenna on board a surface ship for a three-axis gimbal con-
figuration employing X-Y over train. The combined effects of
roll, pitch, turn maneuvers and ship flexure on the pointing
accuracy of the antenna are studied.

1.1 Background

The gyroscope has found its most prolific application in
modern technology as an angular direction and motion sensor
whose electrical output signal is used to activate either a
mechanical or computational device. However, throughout the
last half century of very active development and refinement of
these sensors of shrinking size, there has been a lower level
but continuing effort on large gyro wheels for DMS. The most
sophisticated effort on DMS in recent years has been associated
with the use of control moment gyros for stabilization and atti-
tude control of satellites.

There are two general approaches to the concept of DMS:

1) Mount the stabilized device directly to the frame carrying
the gyro rotor. This assembly is then mounted within gimbals
and bearings to permit angular isolation from input motion.
Examples of this approach are found in both early and more
recent literature. Scarborough(l) describes the gyro pendulum;

Williams(Z)

analyzes stabilization of an optical sensor for a
shipboard application; Bieser(4) describes a configuration of

this type for stabilizing an antenna on board a ship.

*

Direct Mechanical Stabilization
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In this general approach tnc jyro spin axis a.d the stabil-
ized device (optics, antenna, etc.; ncve together as the gyro

precesses in response to disturbing torques.

2) In the second general approach the gyro rotou spih asgsembly
is mounted to the stabilized frame within a pivot axis that is
orthogonal to the spin axis. This is a distirct impreovement ia
stabilizing effectiveness over the first type dGescrihed inllj
above. Now the primary effect of any disturbirng torquae on the
stabilized device is to cause only the gyro -to precess within
its pivot axis. The stabilized frame remains essentially undis-
turbed while the gyro precesses. Thig methed has been used singce
the beginning of the century on exampﬁes such zs the Schletk shigp
stabilizer 1in 1903(1) and the monorail stabilizer of Scherl and
Schilorsky in 1909(1). More recent exanples are Biweser's antenna

(3) (3)

stabilizer . Matthews version of a similar device and an

aircraft camera stabilizer developmeni »y Westinghouse Canada

Limited ©),

The dynamics of the Bieser approach(3) have r=cently been
analyzed(s). This configuration utilizes the DMS principle to
provide a roll-pitch stabilized platform carrying a train-

elevation servo-controlled antenna.

The X-Y configuration described in this report applies th=2
second general approach to directly position and stabilize the

antenna without an intermediate train-elevation servo.

1.2 General Description

Figure 1 is a pictorial representation of the hardware con-
figuration showing the antenna in a horizontal beam position,
mounted to the stabilized structure containing the 'A' and 'B'’
DMS gyro assemblies. The first gimbal axis supporting the

stabilized assemobly is the Y axis which is nominally controlled

wa e el T L
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- to be in the vertical plane containing the satellite; the ncxt
supporting axis is “he X axis which is nominally controlled to be
perpendicular tc the vertical plane containing the satellite. The

. total assembly is carried on the train axis which is mounted to
the deck of the ship.

Further detail 1s given in Figure 2 where the antenna is
showa in a vertical beam position. The 'A' gyro is free to pivot
about an axis parallel to X and the 'B' gyro is free to pivot
abouiL an axis pacalle. to Y. The gyro pivot axes and the X, Y ) 7
cimbal axes are each equipped with a torguer and angular pickoff. ;'7
‘"he train axis 1is positioned by a stepper motor, and has a pre-
cioe angular pickoff to read its position.

Antenna beam position control is achieved by applying appro-
vclate zontrol torguss to the 'A' or 'B' gyro torgquer. For
example, ancenna nmcticn about the X axis is achieved by applying
a torgue to the 'B' gyco torgquer. The antenna is stabilized
acainst the effecis of disturbing torques by precession of the
gyro asserkblies within thelr respective pivot axes. Narrow band-
width zaging loops are used to maintain the spin axes nominally

parallel to the antenna beam axis. For example, the X torquer

responds to a picknff signal from th2 'B' gyro to null the 'B' :
gyxo prcscff ouvtpiur. © 3

The details of the control concephs will be explained in the
bcdy of this repuort.

'
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i 2.0 KIN"MATIC FRAMES & EULER ROTATIONS

Referring to Figure 3, the fcllowing reference frames and
: their Euler rotations are defined:

{ﬁ} = 1inertial frame
: {ﬁ} = deck frame
{é} = antenna platform
{31 = 'A' gyro gimbal
{ﬁ} = 'B' gyro gimbal
{é} = frame containing satellite position along §2
{§) = X-Y gimbal frame

Additional intermediate reference frames are defined below in

terms cf the angles of rotation and the axis of each rotation.

WA = ship azimuth
g Vp = pitch
éi v = roll
b 1% = heel (v = wo o+ ¥)
H RH R H
eT = train
ex = X axis
{ OY = Y axis
: Y, = gyro 'A' gimbal rotation with respect to platform
- E
Yp = gyro 'B' gimbal rotation with respect to platform .3
oy = satellite azimuth position
op = satellite elevation position

T e A SO AR
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The format for showing the rotation sequences are:

1 starting) Rotation Angle frame after
3 —>
frame ‘ Rotation Axis rotation =
.

. i
PRI . R o bl [ b
S I i
ot b i b Sl i IERR P HT

; Applying this format and the previously defined frames and rota-

il

tion angles the rotation sequences are as follows:

A
Deck of ship (£} nE

] ¥ Y Y
3 . A A P . RH A

(A} ——p {A'} ——p (A"} —— (£} 1
|




s

e

——

g~ |

iy
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'B' Gyro {b}

{(p} —— (b}

Satellite Position Vector Along {é




3.0 ANGULAR VELOCITIES

The following angular velocities are defined:

A

Deck of Ship {f}

A A A ¥

Qg T vgy £y v wgp £y +ougy £y (3-1) 4
_ . A' -.. /\" . A
Yg T Va3t bp nj + g £, (3-2)

Antenna Platform {p} ,%

w. o= w 0. + w B, + w p (3-3)
Yp T Yp1 By p2 B2 * “p3 B3 >
- A' N A o A
wy = we + Sp £5 + 8, g) + 6 py (3-4)
'A' Gyro {é}
. 1: _ A A + A (3-5)
Gimbal:  w, = wy) 3) + Wy 35 + 0,3 a4
Q A A
Rotor: 2, = wyy a) + 9, 3, + w.q 2y (3-6)
where Qa = constant wheel spin speed

w -Ww

Note that Ya al

pl

10




A
'B' Gyro {b}
. A A A .
Gimbal: Wy = YWp1 By twpy Byt ow g by (3=7)
> A A A )
Rotor: B = wpy by - 8 by + wp3 by (3-8)

Note that the polarity of Qb 92 is negative. This is essential
to assure that both rotors precess in the same direction with
the anterna when a control torgque is applied to either rotor.
For example the torquer used to control X axis motion applies a

and, via reaction, an opposite

3
A
polarity torque to the 'A' gyro abou% a,. Both rotors then

. . . A . .
precess in the same direction about 91 and ES respectively while

b3 “p3°
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s 4.0 STATE VARIABLES : it

The following state variables are defined for the system




75.0 GYRO EULER EQUATIONS

The Euler equations for the gyros are developed in
Appendix A and result in the following relations:

E o

B al = Ja ¢ Tal/Igl (5-1)
way = Ja3 + 'I‘a3/Ig3 (5-2)
b3 = Ip3 * Tu3/Ig3 (5-4)
where Jal = wa3Qa Igz/Igl - Waa¥ao
Jaz = 79a1% Ig2/Ig1 * %a1%a
J

bl = "9p3% Ig2/Ig1 = “p3¥p2

b3 = Yp1¥p Ig2/Ig1 t wp) @y

I 17 I 5 = gyro assembly inertia about 1 and 2 axes
g g A A
of {a} or (b}

Tal’ Ta3’ Tbl’ Tb3 = torque applied to gyro about

subscript axis (see Eg. (9-6) and (9-12))
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6.0 PLATFORM EULER EQUATIONS

The platform Euler equations are developed in Appendix A i

and result in the following relations: Nk
ii

i,

" = : - i
w51 = Tp1/Tp | , , (6-1) 1
w . =T /1 (6-2) i
p2 = Tp2/Tp2 ‘ {

. ) ty

wp3 = Tp3/Ip3 (6-3)

where

ij = torque applied to platform about ) axis
(see Eg. (9-20))

7.0 CONSTRAINTS

Mechanical constraints exi:+ due to the gimball)ing confi~-
uration. The angular velocity «'-tions that rer Ve these

constraints are developed in Appendix B with the i,1lowing
results:

[P T

ar
E
o)
N
]
£

D2 cos vy, + wp 3 £'n vy (7-1)

way = 0 sin Ya t wp3 cos Y, (7~2)

A S A L o R ko = ol | bt R e ;

LL‘bl = le cos Yb + W

. 02 sin Yy (7-3)

£
O
N

]

I

£

o]

‘—

sin Y + mp2 Cos Yy (7-4)
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8.0 TRANSFORMATIONS AND CONTROL OF ex, 8 6

yl T
- 8.1 Transformation for 9x, and 9§

7 The antenna beam lies along axis éz; the satellite position
vector lies along éz. We desire to orient éz coincident with éz
using the rotations defined in Section 2.0 to determine appro-

-priate input command andgles exc and eyc as functions of a,, &

WA, wp, wRH, eT‘ The computation process determines the {ﬁ}
components of éz and §2, then equates these components to solve

v for 6 and 8. .
xC yc

The direction cosine matrices for the rotations in Section
2.0 are defined using the symbols,

EI

[Ci(c)] = Direction cosine matrix for rotation
about ith axis of starting frame

through the angle g.

Using this notation the relations between various reference
frames are defined as follows:

A
(£'} = [C5(00) 1[Co () 1(Cy (W) 1[Cyhp) 1 1A
A A (8-1)
(£} = (8,1{n)
A A
(B} = [Cy(0,)1(Cy (8, VIME")
. A (8-2)
{p} = [B,]{f*'}

2




{a} =

——
o>
St
|

(¢, (v,) 1{p} @y
[C4 () 1 (R} T ¢ )
[C) (ag) 11Cq(a,) ] (A} | (8-5)
(B;1{n)

From (8-1) and (8-2)

{p)

{n)

From (8-5)

{n}

leBll{ﬁ} (8-6)
T T A

Bl 82 {p}

B3 (€} (8-7)

A A A
The n components of P, and e, are now equated using (8-6) and

(8-7)

=3
(SN}

——
o = o

ol

16
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The éxpansicn and solution of Eg. (8-8) for the desired angles

is performed in Appendix (¢ witn the following results:

T
L _
Cos b Ly
Iy a1 NI
b i

= ain-d(ot - ;
eyc = sin “(-f)) | (8-9) E

b S

3 g 5

[5+]
il

. =1 .
sin (t3/coseyc) (R=10)

where

ylicbork it

t, = results of matrix equation (C-3) in

1’ =3

Appendix C.

8.2 Systen Control

The contrcl approach that will be used to achieve the
. 0 5 . . .
desired values xe’ ye is shown in Figures 4 and 5.

c’ eyc are

compared to actual values measured by the X, Y pickcffs and

Referring to Figure 4, the command values ex

the error signals drive the appropriate gyro torguers. A

train command based on ship's heading and satellite position
(see Figure 5 and Section 8.3) drives the train stepper motor.
The bottem loop shown in Figure 4 is a 'housekeeping' loop that

S A, i s

keeps the gyro spin axis nominaily parallel to the antenna peam
axis.

Figure 5 shows the flow of information used to generate
the control commands. The ship's master compass and heading
reference provide roll, pitch and heading information used in
the coordinate transformations. The heading cutput of the

compass 1is also utilized directly to position the train servo.
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TRAIN

— 3
SHIP FLEXURE COMMAND

SHIP‘S ROLL & %* N
COMPASS PITCH 1

&

ATTITUDE HEADING
REFERENCE T

Rl st o 0 S Ll e

DESIRED

AZIMUTH | DESIRED
EPHEMERIS + AZ-EL

+ POSITION

TRACKING
ERROR

x: Y ;,
COMMANDS =

+
Z2O0— AP OO TONZI 0 —

TRAIN P1CKOFF

Fig. 5. X-Y DMS commands.
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The satellite ephemeris data is updated by dewn-link tracking

error signals to provide the desired antenna beam position to

the sgatellite. The coordinate transformation computation gen-

erates the desired values 6xc, eyc based on the inputs shown.

The basic stability of the DMS gyros permits a narrow band-
width control from the command signals to the gyro torquers.

This attenuates or filters the effect of high frequency ship

flexure on the controlled ocutput. Long term flexure due to

thermal effects or loading are corrected by the down-link track-
ing error.

8.3 fTrain Axis Control of 8§,

The purpose of the train axis is to nominally position the

Y axis in the vertical plane containing the satellite. This 1is
not a critical requirement and so it is expected that an inex-

pensive stepper motor will be used in train. For the purpose

of modelling, the following damped second order system has been
assumed in train:

. . 2 — 2 -
B + 2wnCB + wnB = w oy (8-11)

where

€
"

n natural frequency of train servo

(R
]

damping factor

R
]

A azimuth position of satellire
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Making the substitution for B as indicated above leads to the
defining equation for GT.
6 + 20 ¢ 8, + wlon = F (8-12)

where

_ -.. _ . 2 _
F = -b, 2wnwA + “’n‘“A wA)

9.0 TORQUE EQUATIONS

In this section the torque contributors that produce the
system response are defined for computational purposes:

9.1 Gyros 'A' and 'B' Torgues

Spring

Friction
Unbalance

Bias

Control

Bearing Reaction

Total

21




Platform Torques

PR

"~ " Friction

Unbalance

Gyro Reaction

BAC e |

Bearing Reaction

A L L

An elastic spring torque due to rotation of the 'A’

gyro about its pivot axis, is modelled.

= “Kge¥a2y

gyro spring gradient

Friction
Friction about the pivot axis is modelled as a constant

magnitude torque with a polarity that opposes the relative
gyro with respect to the platform.

B Lk e BT |

angular velocity of the 'A'

(9-1)

o bl Bl o i

L
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Tap = “Kpgl¥a/ 17,114, | (9-2)

where

KFG gyro friction torque amplitude

9.2.3 Unbalanc?

Torgue about the pivot axis due to unbalance has been
modelled as a displacement along the rotor spin axis, §2, coupled
with transverse acceleration components. Unbalance torque due to
radial displacement along §3 has been assumed to be insignificant
in recognition of the fact that radial stability of balance is
much better than axial stability. See Appendix D (Eg. (D-14))
for development of this expression.

. A
Tay = -mlg[—AZSLnYa + Ajcosy,] & (9-3)
where m = gyro mass
zg = displacement of gyro mass center from center

of support along éz

. A A
A2,A3 = acceleration components along P, and P;
respectively

9.2.4 Bias

Bias torque has been modelled about the pivot axis.

A
T

Tap =~ Tap 22 (9-4)




o — e W e S

where

TaB = bias torque value

9.2.5 control

Referring to Figure 3, the control torgue on the 'A' gyro
is exerted about the pivot axis él to correct for Y axis error

as indicated by the difference between the command value, ch,
and the actual value, 6

y" Recall from Figure 5 that the command
angle computation is degraded by ship flexure between the master
attitude reference and the deck at the antenna. A conservative
worst~case situation is modelled with the full ship flexure
amplitude introduced into the control equation.

il il

il i

!

A
c -ey + GF) a, (9-5)

where

K, = control gain (in-1lb/rad)

OF = ghip flexure arplitude (rad)

9.2.6 Bearing Reaction I

Radial fcrces at the pivet bearings introduce torque
about éz and §3. The component about éz has no significant i
effect since éz is along the spin axis of the rotor. Accord- % E
ingly, the torque due to bearing reaction is defined as:

A Ca
Tra ™ Ta3 3 (9-6)

24




where

Ta3 = magnitude of bearing reaction torque (in-1b)

9.2.7 Total Torque on 'A' Gyro

The total torgue on the 'A' gyro is

A A A : 5
Ta a1 &) * Tap 35+ T3 34 (9=7)

where

Tal i1 = 2as + 2aF + Iau + zaB + ch

3
El
*

9.3 Gyro 'B' Torques

The torques acting on the 'B' gyro are similar to those on
the 'A' except for different axes and a geometric consideration
applied to the control torque.

o W ey b

9.3.1 Spring

%

ot bt B, st

A
The = “Kgg'p By (9-8)

[~

ot B,

N
i

9.3.2 Friction

o s )

. . A
pr = -KFG[Yb/IYbI] .123 (9-9)

25 é



9.3.3 pnbalance

The = -mlg[AlcosYb + Agsiny, ]l . . . coo-49=10)

See Eq. (D-19) in Appendix D. ) é.

i 9.3,4 Bias

A M =

Typ = Tpp B3 (9-11)

9.3.5 Contrcl

A
Top = “Kpl6,. -6, + ep)cosey b, (9-12)

Note that the control torque is responsive to the antenna
error signal about the X axis with ship flexure again introduced
as a worst-~case effect. Any displacement in Y serves to increase
the X rate response to a given torque input. This is offset by f
introducing coseY into Eq. (9-12). i

9.3.6 Bearing Reaction

Following similar arguments to that in 9.2.6, we write

Wl

wlln on
u

Irp = To1 2 (9-13) :

26
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E 9.3.7 Total Torque on 'B' Gyro

L The total torque on the 'B' gyro is.

gy

Ip = Tp By *+ Tp3 By (9-14)
where
= A V 7;%
T3 B3 = Tpg * Tor * Ty + Top * Top

w - o

9.4 Platform Torques

bl i

9.4.1 Swring

bl iz 1

Spring torgue acting on the platform is a function of

il !

ex and ey displacement. Spring torque due to OT is cancelled
out by the stepper motor.

i

A A
Ips -Ksp[ex g * ey 23] (9-15)

where K

n

spring gradient

9.4.2 PFPriction

Friction is modelled as a constant amplitude torgue with

a polarity in opposition to velocities 6_ and éy.

2 : A [ . A
EpF = -KFp[{ex/]exl} g, * {Oy/lﬁyl} 23] (9-16)

ot L b it
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9.4.3 Unbalance

The platform unbalance torque is defined in Section D-10
of Appendix D with the result B =

Tow = Tay B1 * Tuz Bz * Tu3 B3 (9-17) -
where - -
Ty = M(B,%; - AjL,)
Ty, = M(A32, - AL,) 3
T,3 = M4, = AL)) % "
M = platform mass jh
2, = displacement of mass center along éi axis
9.4.4 Eias
IPB = Thx §-1 + TBy é3 (9-18)
where TBx’ TBy = bias torgue about X and Y axes

9.4.5 Gyro Bearing Reaction

The total torques acting on the 'A' and 'B' gyros are
defined as T, and Tp in Eqs. (9-7) and (9-14) respectively.
These are primarily reaction torques between the gyros and the
platform except for the gyro unbalance torques which are small.
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~ Accordingly, the gyro reaction torque acting on the platform is
modelled by:

Tgp = "Ta = Iy (9-19)

9.4.6 Control

Torquers on the X and Y axes are used to cage the gyro

spin axes by nulling Ya and Ty using a proportional plus integral
control loop.

- _ A A _ A A -
Ipc = Kpc(Yb g, + Y, By) KpI(Idet g; + Jv,4t pj) (9-20)

where K
PC

direct gain
KpI = integrator gain

Note that:

fYadt = X;, and fybdt = X1

5.4.7 Bearing Peaction

Radial forces at the X and Y axis bearings generate a
torque about axis éz. We define this term as

A
Toc = Toe 92 (9-21)
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9.4.8 Total Platform Torque R IR S

3 1ol e au.u_.dhw.‘uﬂ
|
: L

Sum the previously defined torque contributions to deter-
mine the total platform torque:

= + + +T .+ T, +T +T (9-22)
2p Eps '-r-pF 2pu =pB  =Rp =pc = =pG ( )
or in terms of é frame components,

A A A
gp = Tp1 By *+ Tpp Byt T3 B3 (9-23)

10.0 SYSTEM EQUATIONS

The system equations are generated in the Appendices and
are summarized below followed by a description of their develop-
ment process.

Xl = ex = (wpl -chosey - yzslney)/cosey (10-1)

where D1 = wflcoseT + wfzsinST

Y2 = D2c080x + (6T + wf3)sinex

D2 = -wflsanT + wfzcoseT

X2 = ey = W3 + Dzsinex -(BT + wf3)cosex (10-2)

3
|

gf;
]
1
‘;é;
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Ry =gy =0y 4 T (10-3)
ovhere ) = 0@, (Tg)/T ) —u, e,
Xg = Wp3 = Jpy + T/ (10-4)
where J

b3 T Upr 9 (Igp/Igy) + wpyup,

- _ %2042 * 9y

o
L]

[%4]
s
(5]

(10-5)

terms are defined in Appendix F
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The following

equations:

xlO =Y

%31 = Yp

X2 T

Equation(s)

10-1, 10-2
10-3, 10-4
l0-5, 10-s,
10-8, 10-9
10-10, 10-11
10-12, 10-13

10-7

-8 = _ » . 2 _ -
Xl3 = GT = 2wnc(6T + wA) + wn(aA OT wA)

Source

Appendix E

Sect. 5.0 & Appendix A
Appendix F

Section 3.0

Equation (9-20)

Equation (8-12)
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(10-10)
(10-11)
(10-12) -

(10-13)

table shows the source of development of the system
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-able designation in front of each corresponds to that used in

11.0 COMPUTER SIMULATION

The computer program based on the preceding analysis is
described and listed in Appendix H.

11.1 Parametric Values

Parameter values are shown below for two cases. The vari-

the computer simulation.

‘u“h‘.‘hl E\jwl; i]““l‘ ! | ”: ‘L i) ””‘H"‘ “; iy il ‘
i L ke L, 'l

o

Case l: Ship rolling and flexing

Case 2: Ship rolliug, pitching and turning at high speed. éﬁ
No flexing included. E
i
Case 1 Case 2 %z
D(1) = Desired Azim (Deg) 0 0 %é
D(2) = Desired Elev (Deg) 57.3 57.3 «%
D(3) = Roll Amplit (Deg) 20.0 20.0 éé
D(4) = Pitch Amplit (Deg) 0 10.0 3
D(5) = Flex Amplit (Deg) .5 0 zé
D(6) = Roll Period (Sec) 10.0 10.0 :é
D(7) = Pitch Period (Sec) - 15.0 :£
D(8) = Flex Period (Sec) 1.0 - E
D(9) = Roll Height (In) 1200.0 1200.0 L
D(10) = Velocity (Knots) 0 20.0 E
D(11) = Turn Rate (Deg/Sec) 0 3.0 j
D(12) = Heel Angle (Deg) 0 0 ;
D(12) = Cant Angle (Deg) 0 0




D(14) = WN Train Servo 3. . 3.
{Rad/Sec)

D(15) = Damping Ratio .7 .7
Train Servo

The yalues below were used in both cases:

E(l) = Platform Mass (Lb-Sec2/In) 0.25
1 E(2) = Gyro Mass (Lb—Secz/In) 0.06
: E(3) = Gyro Mass Offset (In) 0.003
é E (4) = Plat 1 Mass Offset (In) 0.003
E E(5) = Plat 2 Mass Offset (In) 0.003
é E(6) = Plat 3 Mass Offset (In) 0.003
3 E(7) = Gyro Friction (In-Lb) 0.04
E(8) = Gyro Spring (In-Lb/Rad) 0.20
E(S) = Gyro A Control Gairn (In-Lb/Rad) 108.0
E(10) = Gyro B Control Gain (In-Lb/Rad) 108.0
E(1l) = Platform Friction (In-Lb) 0.5
E(12) = Platform Spring (In-Lb/Rad) 1.5
E(13) = Gyro Inertia 1 and 3 (Lb-In-Sec2) 9.5 ]
E(14) = Gyro Inertia 2 1.0 g
E(15) = Elatform Inertia 1 40.0 i
E(16) = Platform Inertia 2 30.0 %
3 E(17) = Platform Inertia 3 40.0 ?i

E(18) = Gyro Spin Speed (Rad/Sec) 361.0 ]




3

SRR

A B

E(19) = Platf Contr Gain (In-Lb/Rad) ' 50.0

E(20) = Platf Torg Integr Gain (In-Lb/Rad-Sec) 5.0
onziE(2l) = Gyro A Torque Bias (In-Lb) - 0
E(22) = Gyro B Torque Bias (In-Lb) 0
-~E{23) = Plat Elev Bias Torque (In-Lb) 0
E(24) = Plat Cross Elev Bias (In-~-Lb) 0

E(25) = Limit on Gyro Torguer (In-Lb) 5.0
E(26) = Gyro Speed Mismatch 0

11.2 1Initial State Values

In both cases the system is initialized with the antenna
pointing at the satellite (xl(O) = OX(O) = 1. radian;

D(2) = ay = 57.3°) and with a body rate, wp2' necessary to
match the ﬁz component of the ship's roll rate.

Results

Case 1

Figure 6 shows a plot of the X and Y axis error over a
period of 75 seconds. The error is the difference between the
computed command angle and the actual angle determined by the
integration process. Figure 7 shows the motion of the 'A' and
'B' gyros about their pivot axes during the same period. There
are two aspects of the response to be examined.

The t0.5 degree ship flexure input is attenuated to approx-

imately $0.02 degree of X-Y erxor by the narrow bandwidth trans-
fer function of the overall system.

The roll input with a 1l0-second period causes osc*llations
at that period in the X-Y error and the 'A' gyro motion. The 'B'

gyro shows a double frequency response with a 5-second period.
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=
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- ] t
1.00 == ] ,%
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0.0 L / N i ' 0ot iy P p g pmd i Pt a s s i ) 53
~ - '\ ] 3
< - y-AXIS ERROR ] £
: w 0-30 - 5
< - START~UP TRANSIENT — ﬁ
% - IN COMPUTATION ONLY — 2
— — =
N ] E
-1.00 — E
1.0 t 7 %
B ]
B R 3
-1.90 t — %
- B
— —] é
poo bl L 0044y
[} 10 20. 30. 40. 50. 80 . 70. z
3 T(sEC E
3
! Fig. 6. X-Y DMS error (rolling). o
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Fig. 7. X-Y DMS gyro motion (rolling).
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After an initial transient a steady state response is achieved

in approximately 30 seconds with an X-Y error averaging less
than 0.05°.

Case 2

Figures 8 and 9 show the X-Y errors and the gyro motion over

a 90-second period. This is a more confused dynamic environment

than in Case 1 and, accordingly, we see a more confused response
in Figures 8 and 9.

After an initial transient a general steady state band of

response is achieved in approximately 60 seconds with an average
X-Y error of less than 0.1 degree.
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Fig. 8. X~-Y DMS error (roll, pitch, turn).
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APPENDIX A

EULER _EQUATIONS FOR GYROS AND PLATFORM

l. Gyro 'A'

*
The Euler equations for gyro 'A' are written in tensor form

as
A
2 4 -1~ -1
gt (23) = —i4 [wg] L8, * Iy Ia (A=1)
A A A
where Qa = way 8y + Qa a, + way 25 (3-6)

Qa = constant rotor spin speed

r —
gy O 0
i, - o 1, o0
K o Iy |
o a3 “a2
[wa] = wa3 o 'wal
-Ww w 0
o a2 al -
A A A
To = Tap 83 + Typ 85 + Ty3 34 (9=7)

Differentiating Egq. (3~6) gives

—
See Ref. (7)
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d ©oA LA
F& Ta) = Va1 8 * Y3 3y (A-2)

Combine (A-1), (A-2) and the terms defined above to get

&al 1/Igl 0 0 “Ya3 “a2
0 = - 0 VI, 0 w3 0 ~wyy 5
“a3 0 0 UVIn||™a2 “ar o 3
Igl 0 6_ “al i
0 Ig2 0 Qa +
0 0 Igl “a3
_ _ 4
/1, 0 0 T,y
0 /14, 0 Tas (A-3)
0 0 1/1 0|\ Ty E
L i

After some algebra the second of the (A-3) equations vanishes
leaving:

a1 = l/IgllwaBQaIgZ -wazwa3Igl + TaI] (A=4)

S L e (e Bl P e

.
w

aj = l/Igllwa2walIgl 'walQaIgZ + TaB] (A=3)




| \’
e gl LS
v
W
]

- "which can then be put into the form of Egs. (5-1) and (5-2)

]

al Jal + Tal/Igl : : . LT (Se])

€

a3 = Ja3z * Ta3/Igs : (5-2)

where

al = “a3{falgy = wapTg)) /1y

2. Gyro 'B’

The cevelopment of Egs. (5-3) and (5-4) for the ‘'B'

gyro
18 similar starting with

o>

i,(ﬁx) = 'Lglfabllgﬂb + L;l I (a-6)

3. Platform
The Euler equations for the platform are
-1

Yp '=;1[ap]£pﬂp Yo Ip (A=T7) :
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- "lp = 0 I 0 in é frame

p3 p
(.I.)p = Up3 0 -(.L)pl
-u.\pz wpl 0
SO ol
T =T . p, + 5. + 5 9-23
T, = Tp1 B1 * Tpa B2 + Tp3 B3 (9-23)

There are no gyroscopic terms in (A-7) since the platform
motions are relatively slow, therefore expansion of (A-7) leads

to

%

i D = Wy Pyt W, Pt D P (A-8)

i 2 T “p1 By ¥ “p2 B2 “p3 B3

i

: where mpl = 'I‘pl/Ipl

| wp2 = Tp2/Ip2 (A-9)
wp3 = Tp3/Ip3

Equations (A-9) are Egs. (6-1), (6-2), (6-3).
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APPENDIX B

CONSTRAINTS

The angular velocities of the (é} and {é} frames are con-
strained to that of the {é} frame by the gimbal arrangement
-shown in Figure 3.

Consider the {é} frame which pivots about él' The compo-

nent ®_, is not constrained; however, wao and w,3 are by the
equality of the vector sums:
A + A _ A + A 1
Wag 8 Y wa3 83 T W By T Wp3 B3 (B-1)

Using the relations defined in Section 2.0 we can write

} = (Cy(vy)] {B)

>

{

1l 0 0 o] 0 )
0 cosya siny wp2 = wpzcosya + wp3smYaj (B-2)
0 -sxnya cosy wp3 é -wp251nya + wpzcosya 3

Combining (B-1) and (B-2) we get the eguations
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U.‘pchSYa + wp351nYa

W = —(L)plenYa + W

a3 cosY (B-4)

p3

H
£
[
£
=
.
=
&
E

Equations (B-3) and (B-4) are Egs. (7-1) and (7-2). Similarly
for frame {é} which has a single deqree of freedom with respect

Re

to {p} about axis b, we get

b

A A
1t oy By = wh1 B1 * “p2 B2 (B=3)

A
(b} = [Cy(yy)] {p)

cosY Slan 0 w wplcosYb + wpzslan

pl

————
|

_slan cosYb 0 wpz = -wp151an + wpzcosYb‘ (B-€)
A
0 0 1 0 é 0 b
Wy = wplcosyb + prSlan (B~-7)
Wy o = -wp151nyb + wpzcosyb (B-B)

Equaticns (B-7) and (B-8) are Egs. (7-3) and (7-4).
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APPENDIX C
TRANSFORMATIONS FOR 6 AND 6
XC ycC
In this appendix we expand Eq.
8
gquwxc gpd Byc.
0 0
T T .7
0 0
The unknowns exc and ey
ply by Bl to get
0 0
T T
B =
5 1 BIB3 1l
0 0
Expand the left side
0 0
BT {1 0= [c, (8, )1%(c (0, 31T {1
2 1" xc 3'yc
0 0
47

(8-8) and solve the results

(8-8)

¢ are contained in B, and sO we premulti-

(C-1)

il

L LG ol o itk i i it

Ul idm‘ﬂwh“

iy
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0 1 0 0 cos8 -sin@ 0 E

T yc yc 0 %

%2: 1 = | 0 cosexc -snx@xc s:.neyc :ctiseyc AO 1 7 ) Jé

inb =

0 L? sinfb_. cosexc 0 0 1] ‘o E

) ~sin® . _ =

yc 4

= | cose__ coseyc (C-2) ;szj

Lsulexc cosuyc g

’ ] E

3

3

3

E

Expand the right side of (C-1) 3

H

3

N T

T - A i ] ] T { T 7 535

818311’-- [C3(VT)][C2(¢RH)][CI(¢p)][C3(\.A)HC1(GA)] [Cl(“E)] 1 ; é

3

. - 4
71 tl 1 gz
& = t, s {C-3) i j;
t3 3

The t; terms will be determined by numerical computation of 3

(C-3). Then equate the first and third components of (C-2) and =

] (c-3). 3

ot e Tl
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= -g8iné
yc

= Slnexcc°seyc
: and 6
] X
= _ .

eyc = &1n ('tl)

: 1 (C-4)
f Oc = 8in""(t,/cos6
L xc 3 ye!
E
E
[+ 3
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APPENDIX D E
o o ACCELERATION VECTOR & TORQUE DUE TO UNBALANCE I 7::gi§
Sl il 19
We consider accelerations due to the following sources: 7?
i a) Roll (horizontal component along ﬁi) 7 N
! b) Pitch (horizontal component along ﬁa) ,é
?' ¢) Gravity (vertical along ﬁs) E
E d) Turn (horizontal component along ﬁi) B
: 1. Roll Acceleration (horizontal component along ﬁi) 3
A - H {l; l::' (D“l) ;:
~R R -1

where g = -wzw sinwgt %

R RYRO®*1WR

H = roll height

wp = roll frequency

bpo = ¥oll ampJl itude

2. Pitch Acceleration (horizontal component along nj)

. A
= ! -2

%
E
%
é
4
.
-3

50




N ' P '
‘where v o= -wpwPOSanpt

€
]

P pitch frequency =

I
|
I
I
|
|
|
I,
I
I

= v = pitch amplitude E
% PO
£ 3. Gravity (aleng 23) -
A = 386 in/secz-ﬁ' (D-3) ;i
-3 =3 .
: Note on Polarity of A : ;
=9
E Force due to gravity acts down at the center of =
: mass. Its corresponding support force at the
pivot axis is positive in the upward direction.
: Torque about the mass center results when the :
= line of the positive support force does not pass 1 ;?
through the mass center. 3
4. Turn (horizontal component along n E
A, = -V w, Al (D-4) ’
=T T =1
where
V = velocity
wp = turn rate
7 51 o
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5.  Total Acceleration in {ﬁ'}

We add components above to obtain

A A A
A = A} nj + A, n, + A3 23 (D=5)
o
where A} = H b -V W
Ay, = H wp
Ay = 386

6. Transform Acceleration Vector to {f}

We transform from {ﬁ'} to {ﬁ} using

{g) = (€382 10 (8,0 IC5 (o) 11C, (vp) T LCy (1] (A') (D-6)

and define the resulting components in {é} by

7. Unbalance Torque

Unbalance torque due to the combined effect of acceleration
and displacement berween the centers of support and mass is
defined by the cross product:
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i)
i
1
)

5 i
B - |
5 L-Fxx
: where L = unbalance torque vector
* o F = force vector at support point 3
- R = position vector from support point to mass center
The force vector, F, is due to the effect of gravity and
acceleration acting on the mass.
F=maA (D-9)
8. 'A' Gyro Unbalance Torque
Transform A in Eq. (D-7) from {p} to {a) coordinates using :
A A
{a} = (¢ (v 1 {p} (D~-10)
; =z
1
2 1 0 0 Al Al .
5! {é}é = |0 cosy, siny, |1 2,] = Ajcosy, + Asiny, » (D-11) -
E 0 -s:LnYa cosy, A3 A -Azslnya + AacosYa A
i E a
T a
3 Write the result cf (D-11) as
A = A A A A
=78 2t ay 2, +a;a, (D-12)
1
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where a, = Azcosya + AasinYa
F ay = -A,siny, + A,co8Y, - o T e
- Now consider
é B= lg é2
¢ F = A = m(A a + a A
] E=m2=mA a) + a3, +a; a3,

where lg = displacement of mass center from support point
4 m = gyro mass

th T =F = mt 2 a (D-13)

en Ty = Ex R m g(Al 23 ~a, gl) -

The §3 component in (D-13) is an insignificant bearing reaction jf
torque which can be neglected. Therefore using the definition
of a, in (D-12) we can write =
Ty = -mig(-Azsinya + Ajcosy,) (D~14) 3
é; 9. 'B' Gyro Unbalance Torque % 4
£ i
H Transform A in Eq. (D-~7) from {ﬁ} to {ﬁ] using i3
: i
: A A
{b} = [C4(y,)] 1B) (D-15)

10 R TN e,
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1
cosYb sian 61 Al AacosYb + Azaian
IR A= j- = (= i -
: {g}-12 siny, cosY, 0]{A, A,8inYy - AjcosYy
0 0 1l A A A
3°A 3 - -—-—"b
o E -

. A
Write the result of (D-16) in {b} coordinates as

A A A
A=Db) by +byby +2ayby

Now consider

A
R=12 b

g -2

A A A

A
Then Ty, = Ex R=mi (-b) B, + a5 b))

bt

A

We neglect the gl component following the same logic that pre-
8 ceded Egq. (D-14).

Then use the definition of b, in Eq. (D-17)
to obtain

Ibu= -ng(Alcosyb + Azsinyb)

(D-19)
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10. Platform Unbalance Torgque

now

ul

uz2

ul

M(AZ}L3 - A322)

M(Ajl) - A Ly)
M(a) 2, = Axhy)

platform mass

ﬁefgrygf@odelrunbalance about all three axes by defining
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GENERATION OF SYSTEM EQUATIONS (10-1) AND (10-2) FOR 6 _ AND
- - — - X -

APPENDIX E

De

Y
1. Approach

System equations (10-1) and (10-2) are integrated to proVide
ex and ey position data. 1In the real system Gx and 6y would be
‘the output of the synchros on those axes.

The solution for éx and éy is obtained by using two of the
three scalar equations in the vector eguation (3-4)

- A 'y »
W = wp + B £33+ 0,9y + 8, py (3-4)

The process is one of defining Weo putting all components of
(3-4) into a common frame {é} and solving for éx and é as

functions of wpi' in' BT, ex and ey.

2. Generate Wey components

First generate the Wes components in Eq. (3-1)

A A A
We = wgy £y bougy £y +owey I (3-1)

by making use of Eq. (3-2)

_ . A' . /\" . g
__“-’,f = UJA _r_1_3 + ‘Pp El + ‘PR __2 (3'2)
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Transform y, nj into {n"} using from Section 2.0

o i e im sl
‘ B "l’. S ) I \

|

|

I

L,

1

|

]

TR = Tey ) (A

n - o

1 0 0 0 0
0 coswp sznwp 0 = WA51nwp ' (E-1)
0 -Sanp coswp Ya N ¢Acos¢p A,
- n n
. A
Next add wp ﬁi to (E-1) and transform to {f} using from

Section 2.0

(£ }= (cyqup) {a"}

- “- . .

i b b e wiM‘H”up\meMM\MIWMHMMMM;M MMM‘W-MWwMMMWM\‘WWWWWMMMMWMMW il ‘!‘

i coswR 0 -sian wp wpcosz - WAsiancoswpl

| 0 1 0 ¢A51nwp = wA31nwp ’ (E-2)
i 5 0 1 v 3 1 1,

f 51an 0 cosw%J wAcosbp An wp51an + wAcoszcoswp %

Finally add &R ﬁz to the result of (E-2) to complete the deter-

A =
mination of the {f} components of w. B
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3
-
4
3
1
|
a
4
!
4
=2
8
5

W

wey = wpcosz - wAsiancoswp
Wey = wR + wAsinwp (E-3)
w =

£3 wpslan + wAcoszcoswp

3. Transform (3-4) into ﬁ Coordinates

7 Now proceed to transform all components of Eq. (3-4) into
the {ﬁ} frame.

A
Transform we g in Eq. (E-3) into {f'} using from Section 2.0

A A
{£'} = [c3(eT)] (£}

coseT sinGTr 0 Wey wflcoseT + waSlnaT 3
-sineT c056T 0 weo = -mflsineT + wfzcoseT (E-4) %;
0 0 1 Wes ﬁ wesy ﬁ' 3
R A
Next add O gé to the result of Eq. (E-4) and transform into {§}

using from Section 2.0

A

1§) = [c; (8] (£

We facjilitate this by defining the first two terms in Eq. (E-4)




Dl = wflcoseT + wf251neT

E'.

E

Ev s ’Dz = ~wgSinb, + “f2°°seT (E-5)
3 Then

g 1 0 0 Dl Dl

] 0 cosex sinex D2 = D2c°56x+(eT+“f3)51nex (E-6)
3 . . ) .

é 0 -sing cos8, |\wey+8, 2, -Dzs:.nex+(e,r+wf3)cosex A

2 Next add 6 él to the result of Eq. (E-6) and transform into {p}

g using from Section 2.0

é% r A - A

i ipl = [C3(9y)] {g}

1

EE

P

First redefine the last two terms in (E-6) as

Y, = D2c058x + (BT + wf3)sin0x
Yy = -Dzsinex + (BT + wf3)cosex (E-7)

Then

"

Tt T B
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cosey sxney 0 Dl+ex (Dl+ax)cosey+y?31ney

Ll ST —slney cosey 0 Yo = -(Dl+9x)31n9y+y2cosqyr - (E=-8&)

’ Y

o)
10>

_Finally add__éy §3 to the result of (E-8) to get

B W (D1+Ux)cosey + yzsinﬁy S
wp2 = -(Dl+éx)sin6y + y2c036y (E-9)
wp3 = y3+6y

4. Solution for & ’ &
x y
Now solve directly for éx and éy ueing the third and first
of Eq. (E-9)

e
L]

y  “p3 " Y3

(E-10)

D
0

(w

x pl ~ chosey - yzsiney)/cosey

These are system equations (10-1) and (10-2). It is signif-
icant to note that these equations for éy and éx are functions of

mpl' wp3, eT, Wey s Weos Wy ex and GT. Notice that wp2 does not

enter these calculations. We make use of this fact in Appendix G.
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APPENDIX F

'GENERATION OF SYSTEM EQUATIONS (10-5), (10-6) AND (10-7)
FOR w

p3L—pli—p2

1. Overview of Process

Considerable algebra is involved in obtaining Egs. (10-5) and
(10-6) due to the need to eliminate unknown bearing reaction

a3’ Tbl’ TpG’
the starting points with additional relations coming from the con-

torques T The Euler eguations (6-2) and (6-3) are

straint equations in Section 7.0. A number of transformations are

required to obtain scalar equations in a common frame.
Specific steps in the process are:

a) Differentiate constraint Egs. (7-2) and (7-3) to obtain

MWMMMWMQWMMWWWMMWWMMWWMWWMWWN‘”w ‘MMdkWWW

new equations for W3 anc Wo1-

il

b) Combine results of step a) with gyro Euler Egs. (5-2) and

(5-3) to define reaction torques Ta3 and Tbl' %
c) Perform transformations to define ﬁ components of total %
5

torque gp in Eq. (9-22).

Il

d) Introduce Tpi components from step c¢) into platform Euler
equations in Section 6.0, then use results of step b) to eliminate
T and T

a3 bl~”
e) Use épz as defined from velocity constraints in Appendix

G to eliminate TpG

2. Differentiate Constraint Eguations

leaving equations for mp3 and wpl

Differentiate constraint FEgs. (7-2) and (7-3) to obtain new

eguations for Wy and Upy
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Wy = wplcosYb + Wp28inY

b
N Then L
: Wyg = —wpzslnYa + wp3cosya + Ua3 co e ooem (F-1)
Cpp T WpyCO8Y, + wyp8iny, + U, (F-2)
where
Ya3z = “wppvcosy, - Wp3YaSiny,
Ubl = -wpleSlan + wszbcosYb Et
'E
2, Define Ta3 and Tbl &
] From the Euler equations in Section 5.0 ,%
Wa3 = Jaq t Ta3/Ig3 (5=2) ;
%
“pb1 T Jp1 * Tpy/lg (5=3)
L Use (F-1), (F=2), (5-2), (5-3) to eliminate &a3 and &bl and
; define 'I‘a3 and Tbl
i
I 63 |




Taq = Ig3[’“p231“7a + W,3C08Y, + Ugy - Jas) (F-3)
Eéj,A _ T; = g;’ - - L] . X s = ‘:1;, 7, '7,;,'
1
- "4, Platform Torgque in {é} coordinates
é Next express
o = Tpr By * Tpa By + Tp3 B3 (F-5)
£
% for use in the platform Euler equations, Section 6.0. ;
E Start with Eq. (9-22) for Ip and identify the components ,
£ in that equation from Section 9.0.
£ Zp = Ips + zpF + Ipu + IpB + ZRp + zpc + ng (9-22) ;
A A 3
Tps = “KgplBy ) *+ O Bjl (9-13) 3
. . A » . A :
IpF = —KFP[{ex/lex]} g, + {ey/leyl} ;) (9-16) ;

sl ot . el |

A A
2pu = Tul By * Tu2 By * Tu3 B3 (9-17)

: A A i
Top = Tex 81 * T By B3 (9-18) ,
| |
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R I TR A

A T (Yyo 97 + Y, Pa) =K _(Sy,dt g, + Sy dt P,) = (9-20)
S -1 pc''b 91 a B3 pr'’/ Ypet 4y a®t B3

- . , 7 -

g ng = Tpg 22 - ' : : - (9-21)
£ .

b

g Rewrite Eg. (9-22) as

_ A A - - A _

b To =Ty gy + T3 B3 - I - Ty *+ Tpg 9p + Iy (F=6)
£

; where

: T, = -xspex -KFp{éx/|ex|} + Tgy “KooYp -KPIIdet

Ty = “Kepfy ~Kpp(By/10y 10 + Tpy =Koy, —Kpp/vpdt

A A
a1 21 + T,3 33 (see Eg. (9-7))

A

A
b = Tpy By + Tpy by (see Eq. (9-14))

193
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Now start a series of transformations to put all components of
Eq. (F-6) into the {p} frame.
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|

]

"l

)

I
i;__;M@@MMMMM

(BY = [cy (v 174

)} 0 0 -7 -T

al al
0] cosya -siny 0 = Ta351nYa
0 31nya | cosY -Ta3 -Ta3c03Ya

g

1>

A I . A .
Next transform T, = -Tp, by =Ty, b; into {p} using from

' Section 2.0

A

= Th
{p} = [c5(vy) 17 {b}

cOSYy, —sinyb 0 --Tbl -Tbl COsYy
sinYb COSY), 0 0 = "Tbl sian (F-8)
0 0 1 -T -T A
b3 ﬁ b3 p

A A . A . .
Next transform T, g;+ TpG g, into {p} using from Section 2.0

A A
{pl = [C3(8,)] {g}

| e b i b

66

ITTEETEC g



LTI

cos® s8in6 0 T
Y Y

1 .'lcosey + Tstlney ;
oo -31n6y cosey 0 TpG = -T131ney + TpGCOSBY (F=9) AT
s 1 o 0 1 0 )a 0 A S
a Now sum all of the {ﬁ} components in (F-7), (F-8), (F-9) with
- . s A . . . o
. - T3 B3 in (F-6) and Ipu as defined in (9-17) to obtain the Tpi :
components in (F-5).
: . i
—prl = =T, =TpC08Y, + Tlcosey + TPGSlney + Ty ,,ii
sz = T,38iny, =T sinyy -Tlsiney + Tchosey + T, (F-10) ‘
Tp3 = ~Ta3€08y, ~Tp3 + Ty + Ty
5. Put Terms into Euler Equations
R At this point combine the definitions of T_; and Tpp in
(F-3) and (F-4) with the {p) coordinates of T, in (F-10) into
i : the platform Euler equations in Section 6.0.
g The Euler equations are:
3
2 wpl = Tpl/Ipl (6-1)
E p2 ~ TpZ/IpZ (6-2)
wo3 = Tp3/Ip3 (6-3)
9 67
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Using Egs. (F-3)

" where

r, = -

2]
]

2]
\

and (F-4) write Ta

r,w + r.w +

2%p3 t I3

19351nya s, =

I, 5008y, s, =

g3 2

3

and fbl as

I COSYy

gl

I sinyb

gl

83 = Ig1 WUy ~Ipy)

(F-12)

Use (F-11) and (F-12) to eliminate Ta3 and Tbl in Eg. (I-10) and

substitute the result into Egs.

Iplwpl

Ip2wp2

= ~Tap ~C08YL(syuy,

+ Tlcosey + Tul + T

= SlnYa(rlwpz + r.w

2 p3

.

- sxr.‘(b(slwpl + s.Ww

2 p2

- in?a
T151n

v + T+ T

(6-1),

P

P

(6-2), (6-3).

+ szm + s3)

p2
Gsiney

+ r3)

+ 53)

Gcosey

(F-13)

(F-14)

QLG

Lt Wl L

it ik




R Y8 A T e ey e

-

s e e

4
i
P

PR T s R

Ip3wp3 = -cosYa(rlwp2 + rzwp3 + r3) -7

6. ;Elimination of @pc and Solutions

+ T

+
]
)
L}
—
wn
ity

b3

Eliminate TpG by combining Egs. (F-13) and (F-14) to obtain:

Adonddoabiclaben, ol 5

a1

o (F-16)

44

§

i

3

4

where d5 = SlSLDYb tan y -Ipl -slcosyb 1 1
d, = i 3 I 5 g

6 = (stlan -rls:LnYa + p2) taney =8 ,C0sYy, %

d7 = -rzsinya tar'.ey g

d8 = Tal + s3cosyb -Tlcosey "Tul g

3

. _ - _ : i 2

+ (r3s:|.nYa s38inyy Tls:l.ney + Ty5) 1-.am<vy '3

E

Write Eq. (F-15) as: 3
=

. _ . . _ 3

wp3 = d20mp2 + d21wp3 + d22 (F=17) 3

E

where dyg = -(rlcosya)/Ip3 f
d21 = -(rzcosYa)/Ip3 ;

daz = ("Fgmosy, ~Tpy + Ty 4+ T 5)/1, :
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This leaves two equations ((F-16) and (F-17)) in three
unknowns, &pl' ép2‘ &p3' Obtain a third equation from the
velocity constraints due to the gimballing that is determined

“—in Appendix G. The result is: ' Coe e e

©hp = 4oy taney -leSlney +d, : - (G=3) ) :*f 
where d10 and d13 are defined in Appendix G

The solution of this set of equations ((F-16), (F-17)),

(G-3) is:
d =

. 11

oo = (F-18)

pl T,
5 © = - dll tanf_ -d,.sin® + 4 (F-19) :
p2 - Ty 10Ty TS
Hy
i .
b o - 320%2 * %2 (P-20) :
Pt
7 d.a d.d
3 ~ . . 99%20.  99%2
: where dll = d8 + (dl3 -leSLney)( d6 1-d ) (l_d )
3 21 21

a.d
) . 99920
dlz = ds + taney( d6 1752_1)
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APPENDIX G

GENERATION OF &pZ FROM VELOCILTY CONSTRAINTS

This appendix develops épz from velocity constraints
imposed by the gimballing configuration for use in Appendix F
--as the third of the three platform system equations.

The process here is to use Eg. (E-9) for wp2 and differen-
tiate. Additional relations are obtained from Appendix E, noting
that ex and By are independent of wpz as indicated by Eq. (E-10).

Wy = -(D, + ex)sa.ney + y2c036y (E-9)

P

where D

1 ° Wg1G0808p + weosind,

1=
]

2 -wflsinGT + wfzcoseT

= chosex + (eT + wf3)sin6x

<
N
1

Differentiating Eq. (E-9) produces

T w = -(Dl + ex)51ney -By(Dl + Gx)cose

p2 Y

+ y2c056y -yzeysiney (3-1)
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1
i
:

We now require relations for éx' 51, §2. From Appendix E,
qu (E-].O)

Bx = (wpl -chosBy —y251n6y)/cosey {(E~10)
Differentiating Eq. (E-12) produces
w
- _ bl {G-
x - cose_ ' le (G=2)
Yy
where
dlo = (—chosey + Dley Slnéy -yzs;ney -yzeycosey)
-1 L .
(cos ey) + ey(wpl —choseY -yzsxney)
cos %6 siné
Yy Yy
Substitute Eg. (G-2) into (G-1) to obtain the solution
“pz = -wpltaney -dlos:mey + dl3 (G=3)
where d13 = -D191n6y -ey(Dl + ex)cosey
+ y2c056y —yzeySLney

72

bl

il

‘mwm

e

ol bt A

R 1 R T TR U‘“‘.‘.: i A e L

i

AT




TPmAm e

] i ! S

g

B A

Ml

77 We define D., D, and 92 by differentiating the equations under
(E-9) above:

1 mflcoseT -wfleTsinGT + wfzsinOT + wf26TcoseT (G~4)
D2 = -mflsinGT -wflelcoseT + wf2c056T -wf26T31n6T (G-5)

Yy = chosex —Dzexsinex
+ (ST + u;f3)sin8x +.6x(6T + Luf3)cosex (G-6)

We define the in terms by differentiating Egs. (E-3) for Wes
in Appendix E.

&fl = %pcosz -@p@Rsian -$Asiancoswp -¢A®Rccszcoswp
+ wawpsiansinwp (G-7)
Wey = Yp + wAsinwp + wAwpcoswp (G-8)

Weq = wpsian + wprcosz + wAcoszcoswp

—wAsziancoswp -wAwpcoszsinwp (G-9)
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APPENDIX H

COMPUTER PROGRAMS

INTRODUCTION

The Fortran computer programs contain the inputs, torques
and system equations defined in this report and computes the
system trajectory by use of Runge Kutta integration.

T TR T T

PROGRAMS AND SUBRCUTINES

MT21D: Main program E
i MTRK1 : 4-cycle Runge Kutta integration
% MT22: Ship motion and coordinate transformation

for command inputs

MT19B: Torques =

MT20B: State equations E
PLOT: Library plotting routine E

Figure H-1 is an overall block representation of the program.
The listing of the program is attached.

L AL AL L e, s 1 I gl 1 1 A, R e

!
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|
|
}
|
|
i
i
i
!
|
|
\
|
!
|
|
|
l
|

W 8 il
|
!
]
!

T TR-562(H-1)]

MT21 D

MTRK 1

y

MT 22

MT 198 S
MT 208

T .

STORE FOR
PLOTTING

TERMINATE

DECISION e
TEND) |

PLOT

Fig. H-1. Computer flow diagram.
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*
NOMENCLATURE

= A= total linear acceleration vector (App. D) o immesaRem s

Ay = éi components of A

,VQG = acceleration term due to gravity - ' T

uép = fore-aft acceleration

IIER = athwartship acceleration

éT = centripetal acceleration due to turn

F = force applied to platform at support point (App. D)
H = height above center of roll

3 Lg = gyro inertia diadic
3 Igi = éi and ﬁi principal inertias of I
‘ 1, = platform inertia diadic
3 1, = P; principal inertias of 1,
1 K, = control gain on ‘'A' gyro for Y axis error
Ky = control gain on 'B' gyro for X axis erroyr
KFG = gyro friction torgue magnitude
Kpp = platform friction torgue magnitude
Kpc = controller gain for X and Y axis torguers
3 KpI = lintegrator control gain for X and Y axis torguers
3 Kgg = gyro spring gradient |
E: KSP = platform spring gradient
E L = torgue vector due to unbalance
b

() denotes a vector

Subscript i applies to all integers except for di
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iy L

T

i - i

o e e

E,
i
.E

-

-3

]

0

I

displacement between center of support and mass for gyro

displacement between center of support and

platform along B;

mass of stabilized platform assembly

mass of gyro rotor and motor assembly

mass for

position vector from support point to mass center

time

total torgque vector action on 'A' gyro
A

a, components of T_
bias torgque vector acting on 'A' gyro
magnitude of T _,

friction torque acting on 'A' gyro
spring torque acting on 'A' gyro
unbalance torgque acting on 'A' gyro
total torque vector acting on 'B' gyro
A

b; components of T,

bias torgue acting on 'B' gyro
friction torgque acting on 'B' gyro
spring torgue acting on 'B' gyro

unbalance torgue acting on 'B' gyro

x component of bias torque acting on platform

y component of bias torque acting on platform

control torque applied to 'A' gyro

control torque applied to 'B' gyro
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]

torque vector acting on platform

A
< componerts of zp

bias torque vector acting on platform

control torque acting on platform

friction torque acting on platform =
gimbal bearing reaction torque on platform

magnitude of ZpG - 7?;
spring toirgue acting on platform
unbalance tcrque acting on platform
pivot bearing reaction torque on ‘'A' gyro
pivot bearing reaction torque on 'B' gyro : g
A

B, components of Ipu
ship's speed

GREEK LETTERS

satellite azimuth ephemeris

C g e

satellite elevation ephemeris

! frame rotation angle with respect to {p} :
} frame rotation angle with respect to (é}

ship's azimuth - E-
heel angle of deck -3
pitch angle of deck

amplitude of harmonic pitch motion B

roll angle of deck




amplitude of harmonic roll motion
ship flexure angle

train axis angular displacement

X axis angular displacement
command value for ex

Y axis angular displacement
command value for ©

angular velocity of {é} frame

éi components of w_
angular velocity of {é} frame
éi components of w,

angular velocity of local deck frame {ﬁ}
A

f, components of

2f

natural frequency of train axis controller
angular velocity of {f}

frequency of ship's pitching motion

éi components of Wy
frequency of ship's rolling motion

¢A = rate of change of ship's heading
angular velocity of 'A' rotor
constant 'A' rotor spin speed
angular velocity of 'B' rotor

constant 'B' rotor spin speed

train axis contro. damping factor
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TERMS IN SOLUTIONS

TERM

=5,6,7,8,11,12,20,21,22). .

= 10,13) . . . .« . v < . .

WHERE DEFINED

Appendix F.6

Appendix G

. . . Appendix E
. o e Section 5.0
. . . . . Section 5.0
. e . . Appendix S5.F
. . . Appendix F.5
. . . . Appendix C
. . e e . Appendix F.2
o . . . Appendix F.2
. . . . . Appendix E
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